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(N : Abstract. In this paper, wc consider Hartree-type equations on the two-dimensional torus and 

' on the plane. We prove polynomial bounds on the growth of high Sobolev norms of solutions to 

these equations. The proofs of our results are based on the adaptation to two dimensions of the 
C~'^ , techniques we had previously used in 1401 1411 to study the analogous problem in one dimension. 

Since we are working in two dimensions, a more detailed analysis of the resonant frequencies is 
needed, as in 1221 . As a corollary, we obtain bounds on the solutions of the cubic NLS on the 
plane, which improve bounds previously proved in |16j . 

^. 

^ , 1. Introduction. 

. 1.1. Statement of the problem and of the main results: In this paper, we study the 2D 

' Hartrce initial value problem: 

Uut + Au={V* a; £ T2 or .t e t e M 

: \u\t=o = ^eH%T^),or<i>eH''{R^),s>l. 

> 

o 



cn 
o 
o 



The assumptions that we have on V are the following: 



(i) V e L^{T^), or y e L1(R2), respectively, 
(iii) V is even. 



The Hartree equation arises naturally in the dynamics of large quantum systems. It occurs in 
the context of the mean-field limit of TV-body dynamics when we take V to be the interaction 
potential [261 139] . It makes physical sense to consider this equation both in the periodic, and in the 
non-periodic setting. 

I The equation ([T]) has the following conserved quantities: 



M{u{t)) := j \u{x,t)Ydx, (Mass) 

E{u{t)) ■=\ j \'^u{x,t)\'^dx+^ J{V *\u\'^){x,t)\u{x,t)\'^dx, (Energy). 

The region of integration is either or M^, depending whether we are considering the periodic or 
the non-periodic setting. The fact that mass is conserved follows from the fact that V is real-valued. 
The fact that energy is conserved follows from integration by parts, by using the fact that V is even 

By using the two conservation laws, and by arguing as in |29) . we can deduce global existence 
of ([T]) in and a priori bounds on the norm of a solution, in the non-periodic setting. By 
persistence of regularity, we obtain global existence in H'^, for s > 1. Hence, it makes sense to 
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analyze the behavior of ||u(t)||ifs. A similar argument holds in the periodic setting, whereas here, 
we need to use periodic variants of Strichartz estimates |2| . 

Given a real number x, we denote by x+ and x— expressions of the form x + e and x ~ e 
respectively, where < e ^ 1. With this notation, the result that we prove for ([T]) on is: 



Theorem 1.1. (Bound for the Hartree equation on T^j Let u be the global solution of ([7]) on T^. 

Then, there exists a function Cg, continuous on H^(T'^) such that for all t C^M : 

(2) imoiin^tT^) <c.($)(i + |tir+ii$iiH=(T^). 

Similarly, in the non-periodic setting one has: 



Theorem 1.2. (Bound for the Hartree equation on M^J Let u be the global solution of on R'^ . 
Then, there exists a function Cs, continuous on iJ^(K^) such that for all t & R : 

(3) ikwiiff=(R^) < c^im + \t\)^'+\mH^iM^y 

Heuristically, we expect to get a better bound in the non-periodic setting, due to the presence of 
stronger dispersion. 

In the non-periodic setting, let us formally take V = 5. Then, ([T]) becomes: 



(4) 



lUt 



Au = \u\'^u,x G IR2,t € 



u\t=o - $ e 7?^(M2), s > 1. 



The Cauchy problem ^ is also known to be globally well-posed in [55] . We will see that the 
proof of Theorem II .21 holds when we formally take V = S. Hence, we also deduce the following: 

Corollary 1.3. (Bound for the Cubic NLS on M.^) Let u be the global solution of Q. Then, there 
exists a function Cs, continuous on H^{R?') such that for all t gM. : 

(5) \Ht)\\H^iR-) < Csim + \t\)^'+\mH^iM^y 

This improves the previously known bound ||u(t)l|ijs < (1 -I- |t|)3*"'" ||$|| , for all s € N. This 
bound was proved in |16) . Similarly, we can take V = 5 in the periodic setting. However, in this 
way, we obtain the bound < (1 -I- |t|)''+||4>||H=, which had been proved for all s S N in [46] . 

1.2. Motivation for the problem and previously known results: The growth of high Sobolev 
norms has a physical interpretation in the context of the Low-to-High frequency cascade. In other 
words, we see that weighs the higher frequencies more as s becomes larger, and hence its 

growth gives us a quantitative estimate for how much of the support of |up has transferred from 
the low to the high frequencies. This sort of problem also goes under the name weak turbulence 

By local well-posedness theory [BJ [HI [29l [44], it can be observed that there exist C, tq > 0, 
depending only on the initial data $ such that for all t: 

(6) \\u{t + To)\\H^ <C\\uit)\\H^. 

Iterating ([6]) yields the exponential bound: 

(7) \\umH^<C,e^^K 
Here, Ci, C2 > again depend only on <&. 
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For a wide class of nonlinear dispersive equations, the analogue of ([7]) can be improved to a 
polynomial bound, as long as we take s S N, or if we consider sufficiently smooth initial data. This 
observation was first made in the work of Bourgain |4] , and was continued in |42[ 143) . 

The crucial step in the mentioned works was to improve the iteration bound ^ to: 

(8) Mt + ro)\\H^<\\umH^+C\\u{t)\\],r. 

As before, C, tq > depend only on $. In this bound, r e (0, 1) satisfies r ^ K One can show 
that © implies that for all t eR: 

(9) IKOIIff^ <C(*)(l + |i|)^. 

In [1] ; ® was obtained by using the Fourier multiplier method. In |42[ 143] , the iteration bound 
was obtained by using multilinear estimates in X'^'^-spaces. Similar estimates were used in [3 6) in 
the study of well-posedness theory. The key was to use a multilinear estimate in an X^'^-space with 
negative first index. Such a bound was then used as a smoothing estimate. A slightly different 
approach, based on the analysis in [11] , is used to obtain ([8]) in the context of compact Riemannian 
manifolds in [13], and [46] . 

An alternative iteration bound, based on the use of the upside-down I-method, which was used 
in our previous work |40[ 141] , gave better polynomial bounds for solutions of nonlinear Schrodinger 
equations on and K. The main idea was to consider the operator V, related to D'' such that 
[|X'u||^2 was slowly varying. This is the technique which we will apply in the present paper as well. 

In the case of the linear Schrodinger equation with potential on T'', better results are known. In 
[7] , Bourgain studies the equation: 

(10) iut + Au = Vu. 

The potential V is taken to be jointly smooth in x and t with uniformly bounded partial deriva- 
tives with respect to both of the variables. It is shown that solutions to (flO]) satisfy for all e > 
and aU t e R: 

(11) ikwik=s,*,.(i + itir 

The proof of pT]) is based on separation properties of the eigenvalues of the Laplace operator on 

Recently, a new proof of (jlip was given in [24| . The argument given in this paper is based on an 
iterative change of variable. In addition to recovering the result (jlip on any d-dimensional torus, 
the same bound is proved for the linear Schrodinger equation on any ZoU manifold, i.e. on any 
compact manifold whose geodesic flow is periodic. So far, it is an open problem to adapt any of 
these techniques to obtain bounds like (jlip for nonlinear equations. 

If we knew that (|T]) scattered in i/", we would immediately obtain uniform bounds on 
However, in the periodic setting, no scattering results have ever been proved, and one doesn't 
expect them to hold due to limited dispersion. In the non-periodic setting, there are several known 
scattering results [371 IMl ISl 1311 IMl I3Z] , but none of them are strong enough to imply scattering in 
-ff^ for (|T]) on M^. For a detailed explanation, we refer the reader to Remark 14.61 

Let us finally mention that the problem of Sobolev norm growth was also recently studied in [23] , 
but in the sense of bounding the growth from below. In this paper, the authors exhibit the existence 



4 



VEDRAN SOHINGER 



of smooth solutions of the cubic defocusing nonhnear Schrodinger equation on T^, whose -ff* norm 
is arbitrarily small at time zero, and is arbitrarily large at some large finite time. One should note 
that behavior at infinity is still an open problem. 

1.3. Techniques of the proof. As was mentioned in the previous section, the main idea is to define 
"D to be an upside-down I-operator. This operator is defined as a Fourier multiplier operator. By 
construction, we will be able to relate to ||Pw(i)||2,2, so we consider the growth of the latter 

quantity. Following the ideas of the construction of the standard I-operator^ as defined by CoUiander, 
Keel, StafSlani, Takaoka, and Tao |T71 [T51 [12], our goal is to show that the quantity ||I?M(t)||^2 
is slowly varying. This is done by applying a Littlewood-Paley decomposition and summing an 
appropriate geometric series. Let us remark that a similar technique was applied in the low-regularity 
context in \18^. 

As in our previous work |40[ 141) . we will use higher modified energies, i.e. quantities obtained 
from ||2?u(t)|||2 by adding an appropriate multilinear correction. In this way, we will obtain 
E'^{u{t)) ^ ||2?M(i)||^2, which is even more slowly varying. Due to more a more complicated 
resonance phenomenon in two dimensions, the construction of is going to be more involved 
than it was in one dimension. In the periodic setting, E"^ is constructed in Subsection 13.31 In the 
non-periodic setting, E^ is constructed in Subsection 14.31 

We prove Theorem 11.11 and Theorem 1 1.2 1 for initial data $, which we assume lies only in J?*'(T^) 
and 7J'*(R^), respectively. We don't assume any further regularity on the initial data. However, 
in the course of the proof, we work with $ which is smooth, in order to make our formal calcula- 
tions rigorous. The fact that we can do this follows from an appropriate Approximation Lemma 
(Proposition 13.21 and Proposition |421)- 

Organization of the paper: 

In Section 2, we give some notation, and we recall some facts from Harmonic Analysis. In Section 
3, we prove Theorem ll.il Section 4 is devoted to the proof of Theorem 11.21 In the Appendix, we 
prove local-in-time bounds for ([1]) on the torus. The techniques mentioned in the Appendix apply 
to prove analogous bounds for ([T]) on the plane. 
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In our paper, we denote by A < _B an estimate of the form A < CB, for some C > 0. If C 
depends on d, we write A <d B. We also write the latter condition as C = C{d). 
We are taking the convention for the Fourier transform on to be: 



2. Notation and known facts. 




On M2, 



we define the Fourier transform by: 




Here n e and ^ e K^. 
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On X M, we define the spacetime Fourier transform by: 

u{n,T):= [ [ w(a;,i)e-'<"^'">-^*^(/tdx. 
Jt^ Js. 

On X K, we define it by: 

Jv? Js. 

Let us take the following convention for the Japanese bracket (•) : 



Let us recall that we are working in Sobolev Spaces H''{T^) on the the torus, and if''(M^) on the 
plane, whose norms are defined for s G R by: 



and 



Let us define: 



and 



s>0 

H°°{R'^) := Pi H'{R^). 

s>0 

An important tool in our work will also be X^'^ spaces. We recall that these spaces come from 
the norm defined for s, 6 € R: 

II^^IU^.^CT^xM) := ( E / \u{n,T)f{nf^{r-\n\Y''dT)K 

nez" " 

and 

II^^IU».H«^xR) := ( / / m,r)\'{0''{r-\e)"'dTdiy. 
Jr^ Jr 

When there is no confusion, we write these spaces just as and X^'^. 

In our proofs, we will frequently have to use Littlewood-Paley decompositions. Given a function 
u G L^(T^) and a dyadic integer N, we define by uat the function obtained from u by restricting its 
Fourier transform to the dyadic annulus |n| ^ A^. Hence, we have: 

u = ttjy. 
N 

Wc analogously define for u € L^(]R^). 

Having defined the spaces in which we will be working, let us recall some estimates which we will 
use in our analysis. 
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2.1. Estimates on T'^. By Sobolev embedding on T'^, we know that, for all 2 < q < oo, one has: 

(12) Ml. < \\u\\h^ 
From [35], we know that on T^: 

(13) \\uhi^ < ||u||^o+,i + 
(A similar local-in-time estimate was earlier noted in [3].) 

By definition, one has: 

(14) \\u\\l2^ = Mxo.o 
From Sobolev embedding, it follows that: 



(15) Ml- < M 



If we take the 5+ in (fT3|) to be very close to 5, we can interpolate between ([T3l) and (fT4| to 
deduce: 

(16) M\Lt- ^ M^o+.i- 

Similarly, we can interpolate between and ([T5)) to obtain: 

(17) MLtt ^ M^o+^i+ 

Let c < d be real numbers, and let us denote by x = x(t) ~ X[c.d]it)- One then has, for all s G M, 
and for all 6 < ^: 

(18) llxwIU-^ < 

The proof of ^TE\i is the same as the proof of Lemma 2.1. in [30] (see also [HI [5^). From the proof, 
we note that the implied constant is independent of c and d. We omit the details. 
We can interpolate between ([M]) and (|15p to deduce that, for M ^ 1, one has: 



(19) II^IIl- < 

Furthermore, from Sobolev embedding in time, we know that: 

(20) Ml^li < M\^o.i+ 
We can interpolate between ([T4)) and (|20|) to obtain: 



(21) MLtLl < hll^o,i + 

An additional estimate we will use is: 
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(22) MlI^ < M^i^.i. 

The estimate p2|) is a consequence of the foUowing: 



Lemma 2.1. Suppose that Q is a ball in J? of radius N, and center uq. Suppose that u satisfies 
suppu C Q. Then, one has: 

(23) hLt. + 

Lemma l2.1l is proved in [B] by using the Hausdorff- Young inequahty and Holder's inequahty. We 
omit the details. 

To deduce ([22]), we write u = "YIin "^n- By the triangle inequality and Lemma |2. 11 we obtain: 



N N 



AT 

We can now interpolate between ([T^ and ([2^ to deduce: 

(24) hL^.,, < \\u\\xs^M 

whenever j <hi < si > 1 — 2&i. 

By using an appropriate change of summation, as in [6], we see that (j24p implies: 



Lemma 2.2. Suppose that u is as in the assumptions of Lemma \2.1[ and suppose that 6i,si G 
satisfy j < bi < ^ + , si > 1 — 2bi. Then, one has: 

(25) \\u\\Lf<N''\\u\\xo.^. 



2.2. Estimates on R^. We note that all the mentioned estimates in the periodic setting carry over 
to the non-periodic setting. However, there are some estimates which hold only in the non-periodic 
setting, which express the fact that the dispersion phenomenon is stronger on than on . Such 
estimates allow us to get a better bound in Theorem 11.21 than the one we obtained in Theoreni ll.il 

The first modification is that, on the plane, (|13p is improved to: 
(26) hlL.^ < |k||^o,i + 



Consequently, one can improve (|16p to: 

(27) 11^11^4- < \\u\\^o,i- 
On the plane, we will use the following estimate: 

(28) \\u\\^2+ < ||u|Uo+,o+ 

([28]) follows from ((26|). the fact that ||u||^2 ~ \\u\\xo,o, and interpolation. 
Furthermore, a key fact is the following result, which was first noted by Bourgain in [5]: 
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Proposition 2.3. (Improved Strichartz Estimate) Suppose that Ni,N2 are dyadic integers such 
that Ni N2, and suppose that u,v £ X°'2 + (R'^ x M) satisfy, for all t: suppu{t) C {|^| ~ A^i}, 
and suppv{t) C {|^| ^ N2}. Then, one has: 

1 

(29) ll«HlL?,<^hll^o.i + ||«||^o,^ + 

An alternative proof (in the ID case) is given in [17]. 
Let us note the following corollary of Proposition 12.31 

Corollary 2.4. Let u,v as in the assumptions of Proposition \2.3[ Then one 

has: 

(30) II^ILj+i. < ^||u||^oi+lkll^o.i+ 

Proof. We observe that: 

WuvU^Ll < \MLrLt\\v\\LrLt<N^'MLrLlNj\\v\\L^Ll 

(31) <A^l^A^|lkll^o,i+ll«ll^o,i + 

In order to deduce this bound, we used Bernstein's inequality, and the non-periodic analogue of 

For completeness, we recall Bernstein's inequality (44j. Namely, if 1 < p < <? < 00, and if 
/ e LP(M^) satisfies supp f C {|^| ^ N}, then one has: 

(32) II/IIl^ <a^^"'||/IIls 

We interpolate between ([29)) and (|3ip and the Corollary follows. 

□ 

In our analysis, we will have to work with x = X[to,to+s] (^)j the characteristic function of the time 
interval [tg, tg + S]. It is difficult to deal with x directly, since this function is not smooth, and since 
its Fourier transform doesn't have a sign. Instead, we will decompose x as a sum of two functions 
which are easier to deal with. This goal will be achieved by using an appropriate approximation to 
the identity. We will use the following decomposition, which is originally found in |17| : 

Given (j> e C^(]R), such that: < < 1, Jjj 4>{t) dt = 1 , and A > 0, we recall that the rescaling 
of (j) is defined by: 

We observe that such a rescaling preserves the norm: 

Having defined the rescaling, we write, for the scale TV > 1: 



(33) 



X{t) = a{t) + 6(t), for a:^x* <Pn-^ ■ 
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In Lemma 8.2. of [T7], the authors note the following estimate: 

(34) ll«(t)/ll^o4+<A^°+ll/ll^o,^+. 
(The implied constant here is independent of N.) 

On the other hand, for any M G (1, +cxd), one obtains: 

II^ILf = llx - X * fpN-^ hf < llxllif + llx * hf 
which is by Young's inequality: 

< llxL- + llxLf II0jv-i||l; = 2||xllLf = C{M,x). 

If we now define: 

(35) hit) := / |S(r)|e^*^dr. 

Then the previous bound on ||fo||iM and the Littlcwood-Paley inequality |25| imply: 

(36) <C(Af,x)-C(Af,<i>). 

To explain the fact that C{M,x) = C!{M,^), we note that x is defined as the characteristic 
function of an interval of size 6, and S, in turn, depends only on $. 



We will frequently use the following consequence of Proposition [ 

Proposition 2.5. (Improved Strichartz Estimate with rough cut-off in time) Let u,v € X^'^^iM."^ x 
M) satisfy the assumptions of Proposition Suppose that Ni > N. Let ui,vi be given by: 

u{ := \{xu)~\,vi ■.= \v\. 

Then one has: 

(37) lki^^ilL?,<^ll"ll^o,i+lkll^o4+ 
The same hound holds if 

u{ := \u\,vi := \{xv)~\. 

Proposition 12 . 51 follows from Proposition 12. 31 Corollary 12 .41 the decomposition and the esti- 
mates associated to this decomposition. We omit the details of the proof. An analogous statement is 

proved in one dimension in [IT]. The only difference is that on M? , the coefficient on the right-hand 

1 1 

side of (|29|) is —V, instead of —V, and hence we obtain the coefficient — on the right-hand side 

of im. 



We also must consider estimates on the product uv, when u and v are localized in dyadic annuli 
as before, but when we no longer assume that Ni ^ -/V2. 

By using Holder's inequality and (|26|) . it follows that: 

(38) \\uv\\l.^^ < Wuh.Jvhi^ < M^^^.M^o.i^ 

We note that PT|) still holds. We now interpolate between (I5T]) and ([55]) to deduce: 

(39) Ik^llL^i. <iVriV2 + ll«IUo,i+lkll^o.|. 
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An additional form of a bilinear Strichartz Estimate that we will have to use will be the following 
bound, which was first observed in [22) : 

Proposition 2.6. (Angular Improved Strichartz Estimate) Let < iVi < N2 be dyadic integers, 
and suppose Oq € (0, f). Suppose Vj € X'^'^ + ^j — 1^2 satisfy: suppvj C {|^| ^ Nj}. Then the 
function F defined by: 

F{t,x):^ [ [ [ f e**("^+^^)+^<^'«^+«^>X|cosZ(6.6)|<9o«~i(6,n)«~2(6,T2)deid6dTidr2 
Js. Js. Jr^ Jr2 

obeys the bound: 

(40) II^^IIl?,, <^jl|t'l||^o,^+ 1^211^04 + 

For the proof of Proposition 12.61 we refer the reader to the proof of Lemma 8.2. in (35]. 

Let us give some useful notation for multilinear expressions, which can also be found in [171 121j . 
Let us first consider the periodic setting. For fc > 2, an even integer, we define the hyperplane: 

Ffc := {{ni,...,nk) G (Z^)'-' m + ■ ■ ■ + Uk = 0}, 

endowed with the measure 6(ni + ■ ■ ■ + Uk) ■ 

Given a function Mk — Mk{ni, . . .,nk) on F^, i.e. a k-multiplier, one defines the k-linear func- 
tional \k{Mk; /i, . . . , /fe) by: 

k 



(41) Afc(Mfc; /) := Afc(A4; /,/,..., /, /). 

We will also sometimes write riij for n,; + n,j . 

In the non-periodic setting, we analogously define: 

Tk := {(a, . • • , a) e (R')' : 6 + ■ • • + 6 = 0}, 

In this case, the measure on F^ is induced from Lebesgue measure d^i ■ ■ ■ d£^k-i on (R^)'^~^ by 
pushing forward under the map: 

(Ci,---,&-i) ^ (6,---,Cfc-i,-6 Cfc-i) 

Finally, let us recall the following Calculus fact, which is often referred to as the Double Mean 
Value Theorem: 

Proposition 2.7. Let f £ C^(M). Suppose that x,ri,fi G are such that: \ri\,\fi\ ^ \x\. Then, 
one has: 

(42) \f{x + 77 + /i) - /(x + 77) - fix + + f{x)\ < \7]M\\V^fix)\\. 
The proof of Proposition 12.71 follows from the standard Mean Value Theorem. 



XkiMk-, fi, . . . , fk) / Mkini 
As in ilT], we adopt the notation: 
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3. The Hartree equation on T^. 

3.1. Definition of the I?-operator. As in our previous work [IDIUT], we want to define an upside- 
down I operator. We start by defining an appropriate multiplier; 

Suppose > 1 is given. Let 9 -.l? ^M.he given by: 
(43) e{n) :^ M A'^ ' II- 



1, if ln| < N 



Then, if / : ^ C, we define Vf by: 



(44) Vf{n) := 9{n)f{n). 
We observe that: 

(45) \\T^f\\L^<s\\f\\H^<sN^\\Vf\\ 



L2 



Our goal is to then estimate ||I?u(i) H^^s , from which we can estimate ||u(i)||ifs by ((45)) . In order 
to do this, we first need to have good local-in-time bounds. 

3.2. Local-in-time bounds. Let u denote the global solution to ^ on T'^. One then has: 

Proposition 3.1. (Local-in-time hounds for the Hartree equation onT"^) There exist 5 — (5(s, i?(<i>), Af ($)), C 
C(s, i?(<i>), M($)) > 0, which are continuous in energy and mass, such that for all tg G M, there 
exists a globally defined function w : x M — )■ C such that: 

(46) v\[to,to+s] = u\[t^,to+s]- 

(47) \\v\\^,^.^<C{s,E{<i>),Mm 

(48) II^HI;,o,i+ < C{s,E{'^>),M{m\'Du{to)\\L^. 



Proposition l3.1l is similar to local-in-time bounds we had to prove in |40[|41| . Since we are working 
in two dimensions, the proof is going to be a little different. Our proof of Proposition 13 . II is similar 
to the proof of Theorem 2.7. in Chapter V of 6 . For completeness, we present it in the Appendix. 

As in [30], Proposition 13.11 implies the following: 

Proposition 3.2. (Approximation Lemma for the Hartree equation on T'^) 
If $ satisfies: 



(49) I 
and if the sequence (w^"'') satisfies 



iut + Au ~ {V * |mP)m, 
u{x, 0) = <i>(x). 



(50) 



lU. 



(«) 



+ Au(«) ^{V* |u(")|2)w("). 



w(")(x,0) - $„(.t). 



where $„ G C°°(T2) and $„ $, then, one has for all t: 

u("'(i) ^u{t). 
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The mentioned approximation Lemma allows us to work with smooth solutions and pass to the 
limit in the end. Namely, we note that if we take initial data $„ as earlier, then will belong 

to iJ°°(T^) for all t. This allows us to rigorously justify all of our calculations. Now, we want 
to argue by density. For this, we first need to know that energy and mass are continuous on 
The fact that mass is continuous on is obvious. To see that energy is continuous on H^, let 
1 = ji- + -jg. Then, by Holder's inequality, Young's inequality, and (fT2|) . we obtain: 

(V * {uiU2))u3U4dx\ < \\V * {uiU2)\\l1+\\u3U4\\lm 
< II^IIli ||wi|lL2+|lM2||i2+||w3||i2A/||u4||L2M 

(51) < ||wi||ffi||w2||Hi||w3||Hi||w4||//i- 

Continuity of energy on follows from ((5T|) . 

Now, by continuity of mass, energy, and the iJ* norm on H^, it follows that: 

M($„) ^ M($), i;($„) ^ £;($), ||$„||h= ^ mn^. 

Suppose that we knew that Theorem 1 1 . II were true in the case of smooth solutions. Then, for all 
t e M, it would follow that: 

Wu^'^Hmn^ <C{s,k,E{^^),Mi^^))il + \t\f^+\\<^jH^, 
The claim for u would now follow by applying the continuity properties of C and the Approxi- 
mation Lemma. So, from now on, we can work with $ G C°°(T^). 

3.3. A higher modified energy and an iteration bound. As in [501131], we let: 

E\u{t)) := \\Vu{t)\\l.. 
Arguing as in [301111], we obtain that for some c e R, one has: 

"l+«2+«3+"4=0 

(52) V{n-:i + ni)u{ni)u{n2)u{n3)u{ni) 
As in the previous works, we consider the higher modified energy: 

(53) E^{u) := E\u) + Xi{Mi;u) 

The quantity M4 will be determined soon. 

The modified energy E^ is obtained by adding a "multilinear correction" to the modified energy 
E^ we considered earlier. In order to find -^E'^{u), we need to find ^A4(M4; u). If we fix a multiplier 
M4, we obtain: 

^A4(M4;u) = 
at 

-iX4Mii\ni\^ - |n2p + |n3p - \ni\'');u) 



-i ^ [M4{ni23,n4,n5,ne)V{ni +n2) 

"1 +"2 +"3 +"4 +"5 +"6=0 
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-Af4(ni,n234,n5,ng)F(n2 + "-3) + ^4(^1, "2, "345, "6)^("3 + "-4) 

(54) - M4(ni, n2, ns, ^456)1^(^4 + n5)]u{ni)u{n2)u{n3)u{n4)u{n5)u{ne) 
We can compute that for (ni, ^2, ^3, ^4) e r4, one has: 

(55) |nip - |n2p + jnsP - |"4p = 2ni2 • ni4 

We notice that the numerator vanishes not only when ni2 = nn = 0, but also when ni2 and 
ni4 are orthogonal. Hence, on r4, it is possible for — |n2p + |n3p — |'^4p to vanish, but for 
(0(rii))^ — (0(ri2))^ + (^'("■3))^ — (^('^4))^ to be non-zero. Consequently, unlike in our previous work 
on the ID Hartree equation [40l|41], we can't cancel the whole quadrilinear term in (f52|) . We remedy 
this by canceling the non-resonant part of the quadrilinear term. A similar technique was used in 
|22) . More precisely, given /3o <C 1, which we determine later, we decompose: 

r4 ~~ ^^TLT I I . 

Here, the set ^Inr of non-resonant frequencies is defined by: 

(56) 9.rir ■■= {(711,712,713,^4) e r4;ni2,7ii4 ^ 0, |cosZ(ni2,ni4)| > ^0} 
and the set £7^ of resonant frequencies Q,r is defined to be its complement in r4. 

We now define the multiplier M4 by: 

(57) 

M4(7.i,n2, 7.3,7.4) := ' |„,p-|n.l^+|n3|-KP ^^(773 + "4) , if (7.1,772,773,774) £ ^nr 

y 0, if (771,7.2,773,774) g 

Let us now define the multiplier Afg on Fg by: 

A/6(r7l,772,773,774,7.5,7.g) := Af4(7.l23, 774, 775, ?76)F(r7l +772) - Af4 (77l , ?7234, »75 , ?76)F(r72 +773) + 

(58) + Af4(7.i, 7.2, 7.345, 7ig)V'(773 + 774) - Af4 (7.1 , 7.2 , 7.3 , 7.45g) t/(?74 + 775) 

We now use ([5^ and ([M)) . and the construction of A^4 and Afg to deduce that0: 

((0(77l))2-(0(r72))2 + (0(n3))2-(^?(774))2)i/(773+774)7i(r7l)S(7.2)u(r73)S(774)- 

ni+n2+n3+n4=0,|cosZ(ni2,ni4)|</3o 

+ ^ Me{ni,n2,n3,n4,n5,ne)^ni)u{n2)u{n3)u{n4)u{n5)u{ne) 

ni+n2+n3+n4+n5+"6=0 

(59) =:I + II 

Before we proceed, we need to prove pointwise bounds on the multiplier Af4. In order to do this, 
let (?7i, 7i2, 7i3, 714) e r4 be given. We dyadically localize the frequencies, i.e, we find dyadic integers 
Nj s.t. \nj\ ~ iVj. We then order the A^^'s to obtain: > > > iV|. We slightly abuse 
notation by writing e{N*) for e{N*,0). 

Lemma 3.3. With notation as above, the following bound holds: 

(60) M4^0{^-^9{N*)9{N;)). 

Po(A'i)^ 



""^Since (9{ni))^ — (6(712))^ + (6(713))^ — (9(n4))^ = whenever ni2 = or ni4 = 0, the terms where ni2 = or 
ni4 = don't contribute to the first sum. We henceforth don't have to worry about defining the quantity cos(0, ■) 
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Proof. By construction of the set ftnr, and by the fact that \V\ < 1, we note that: 

.... , I ^ Mni)? - jeju,))^ + iejn,))' - iein,)y\ 
(61 \Mi < . — n — 1^5 

Fl2||'^14|P0 

Let us assume, without loss of generahty, that: 

(62) \ni\ > |n2|, jnal, |n4|, and|ni2| > |ni4|. 

We now have to consider three cases: 

Case 1: |7ii| \ni2\ |ni4| 
In this Case, one has: 



Case 2: |7ii| \ni2\ > |ni4| 



We use the Mean Value Theorem, and monotonicity properties of the function *-^|"| ^ to deduce: 



(63) {9(71,))' - {0{n,))' = {0{m)f - {0{n, - n,,)f = 0(|ni4|^^^^) 



(0(n2))2 - (9{n,)f = {0{ns + n,^)f - {0{n3)f 
(64) 0(|..4| sup ^)-0(K4|» 

Using (j6T|) . ([63|). (|64l). and the fact that |ni2| '--^ \ni\, it follows that: 



Case 3: |7ii| > |ni2|, \nii\ 
We write: 

(0(nl))2-(0(„2))2 + (^^(„3))2_(^?(„4))2 ^ {0{n,))^~{0{n,-m2))^+{0{ni-ni2-nM)f~{0{n,~ni4)f 

By using the Double Mean- Value Theorem it follows that this expression is 0(^ ^^^^^^^2 1^^121 1»-14|) ■ 
Consequently: 



The Lemma now follows. 



Let us choose: 



□ 



(65) l3o-^ 

The reason why we choose such a (3o will become clear later. For details, see Remark 
Hence Lemma 13.31 implies: 

(66) M4 = O{-^0{N:)0iN*)) 
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The bound from allows us to deduce the equivalence of and E^. We have the following 
bound: 

Proposition 3.4. One has that: 

(67) E\u) - E^{u) 

Here, the constant is independent of N as long as N is sufficiently large. 
Proof. We estimate E'^{u) ~ E^{u) = \4{M4;u). By construction, one has: 

|A4(Af4;u)|< ^ |A/4(ni,n2,?T,3,n4)||u(ni)||u(n2)||S:(n3)||u(n4)| 

Tii+ri2+n3+n4=0 

Let us dyadically localize the nj, i.e., we find Nj dyadic integers such that \nj \ ^ Nj. We consider 
the case when Ni > N2 > N3 > N4. The other cases are analogous. We know that the nonzero 
contributions occur when: 

(68) iVi - A^2 > ^ 

Let us denote the corresponding contribution to A4(M4;u) by Ini,N2,N3,N4,- We use Parseval's 
identity and ([M)) to deduce that: 



\lNi,N2,N3,Ni] < 2^ Jp\VuNA'IT'l)\\'^UN2{n2)\\uN3in3)\\uNAn4)\ 

Let us define Fj : j = 1, . . . , 4 by: 



Fi := \T>un^\,F2 := |X»ujv2 1,-^3 I^JVa 1,-^4 := IunA 
By Parseval's identity, one has: 



N f 



1 JT2 

2 r 2 7" 00 7" 00 



which by an L^,L^^ L'^,L'^ Holder's inequality is 

N 
N! 



<T72\\Fi\\li\\F2\\li\\F3\\l^\\F4l^^ 



Furthermore, we use Sobolev embedding, and the fact that taking absolute values in the Fourier 
transform doesn't change Sobolev norms to deduce that this expression is: 

^ ^\\Flhl\\F2\\Ll\\F,\\Hl+\\F4Hl^ < ^\\1^UNALl\\VuN2\\Ll\\uNAHl+hNAHi+ ^ 



We now recall ((68|) and sum in the Nj to deduce that 



Here, we used the fact that < 1. 

Bum in the Nj 

\E^{u) - E\u)\ = |A4(M4;z.)| < ^E^u). 



The claim now follows. 

□ 
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Let i5 > 0,w be as in Proposition 13. II For G M, we are interested in estimating: 
E^{u{to + S))-E'iuito))= ^E^{u{t))dt^ f"^' ±E\v{t))dt 

Jtn dt Jtn dt 



The iteration bound that we will show is: 
Lemma 3.5. For all to e R, one has: 

\E^iu{to + 6)) - E\u{to))\ < jl-E^{u{to)). 

Arguing similarly as in [501 HI] ) Theorem 11.11 will follow from Lemma 13.51 We recall the proof 
for completeness. 



Proof, (of Theorem 11.11 assuming Lemma 13. 5p 

The point is that we can iterate the following bound (obtained from Lemma l3.5p : 

E^iu{to + S))<il + ^)E^iuito)) 

~ N^" times without getting any exponential growth. We hence obtain obtain that for T ^ , 
one has: 

\\Vu{T)\\l2 < ||P$||l2. 

By recalling (|45|) . it follows that: 

\HT)\\H^<N^\mH^ 

and hence: 

MT)\\H^.<T'+\mH^<{i+TY+mH^. 

This proves Theorem 11.11 for times t > 1. The claim for times t E [0, 1] follows by local well- 
posedness theory. The claim for negative times holds by time-reversibility. 

□ 



We now have to prove Lemma l3. 5 



Proof, (of Lemma 13.51) 

Let us WLOG consider to — 0. The general claim will follow by time translation, and the fact that 
all of the implied constants are uniform in time. Let v be the function constructed in Proposition 
3.11 corresponding to to =0. 

By (|59|) . and with notation as in this equation, we need to estimate: 







^ J2 ((0(ni))2-(0(n2))2 + ((?(n3))'-(^?(n4))')^(n3+n4)«(ni)?(n2)^I(n3)%4) 

rii+n2+n3+n4=0,|cosZ(Tii2,ni4)|</3Q 



+ ^ M6(ni,n2,n3,n4,n5,n6)w(ni)-(;(ri2)u(n3)w(n4)t;(ri5)-(;(n6)^dt = 

ni+n2+n3+n4+n5+n6=0 

f.(5 nS 

Idt + / Ildt —.A + B 
'0 Jo 

We now have to estimate A and B separately. Throughout our calculations, let us denote by 
X X{t) = X[o,s]it)- 
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3.3.1. Estimate of A ( Quadrilinear Terms). By symmetry, we can consider WLOG the contribution 
when: 

\ni\ > \n2\, l^al, |n4|,and|n2| > \n4\. 
We note that when aU \n^\ < N, one has: (6'(ni))2 - {0{n2))'^ + {d{n:i)f - {e{ni)f 0. Hence, we 
need to consider the contribution in which one has: 

|ni| > TV, |cosZ(ni2,ni4)| < /3o. 

We dyadicaUy locahze the frequencies: \nj\ ~ Nj\j = 1, ... ,4. We order the Nj to obtain N* > 
N2 > > iV|. Since rii + 712 + na + 714 = 0, we know that: 



(69) TVi - iV2* > iV 

Let us note that Ni r-^ N2. Namely, if it were the case that: iVi ^ N2, then, one would also 
have: A'^i 3> iV4, and the vectors ni2 and rii^ would form a very small angle. Hence, cosZ(ni2, 7114) 
would be close to 1, which would be a contradiction to the assumption that \cos/l{ni2, ni4)\ < /Sq. 
Consequently: 

(70) Ni'^ N2^ iVi > N 

We denote the corresponding contribution to A by Ani,N2.N3,N4,- In other words: 



A 



Ni,N2,N3,N4. 



" ni+n2+n3+"4=0,|cosZ(ni2,rii4)l<^*0 

VNi {ni)vN2 {n2)vN3 in3)vNi {ni)dt 
Arguing analogously as in the proof of Lemma 13.31 it follows that for the rij that occur in the 
above sum, one has: 



(71) {{9{n,)f - {9{n2)f + {9{n:,)f {9{n4)f)V{n, + n,) = O {\n,2\\n,,\^^±^) 



3 114) — '^Vl"'i2ir"-l4 
By ([701), it follows that l^sl, {n^l < N^. Consequently: 

|ni2| = 1^341 < \n3\ + \n4\<N;. 

One also knows that: 

\nu\ < \ni\ + Iml < TV*. 
Substituting the last two inequalities into the multiplier bound (fTTj) , and using Parseval's identity 
in time, it follows that: 



\Ani,N2.N3,N4\ ^ E / 



9iNmNi) 

ri+T2+T3+T4 = 



ni+n2+n3+n4=0,|cosZ(ni2,ni4)|<|9o 
I VN^ (711 , Ti ) 1 1 W iV2 (^^2 , T2 ) 1 1 UATg (^3 , T3 ) 1 1 (xvYn^ ("4 , T4 ) | dTj 



E / l(2?w)Ar^(ni,ri)||(2?w) JV2(?^2,T2)||(V^;)^r3(r^3,T3)||(xw)^r,(r^4,r4)|c^TJ 

l «i+ri2+n3+n4=0 "'ri+r2+r3+r4=0 

Let us define i^j ; j = 1, . . . , 4 by: 



Fi :- l(P,;)-5v,l,F2 := |(P«)lv2U3 |(V7;)Tv3 [, F4 := |(x«)' 



JV4 
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Consequently, by Parseval's identity: 



\^NuN2.N3,Ni\ < ^ I I FiF2F:iFidxdt 



By using an ^, ^, L^~!^, ^ Holder inequality, the corresponding term is: 

<^ll^l|lL^.,JI^2||L4j|^^3|li^+||F4||^4- 

By using ([T^ . (|17l) . p^ . and the fact that taking absolute values in the spacetime Fourier transforms 
doesn't change the X^'^ norm, it follows that this term is: 

^ \\T^VN, 11^0+. 1 + WDVN^ 11^0+, 1 + \\VN3 11^1 + 4+ II(X^')a^4 11x0+.^- 



By using frequency localization and (jlSp . this expression is: 

In the last inequality, we used Proposition [3TTJ By using the previous inequality, and by recalling 
((S7| . it follows that: 

(72) \An,.n,,n,.n,\<j^^E''{^) 
Using ([7^ . summing in the Nj, and using ([S^ to deduce that: 

(73) \A\ < j^E^{<^) 

3.3.2. Estimate of B (Sextilinear Terms). Let us consider just the first term in B coming from the 
sunimand M4(ni23, ^4, 715, ne) in the definition of Mg. The other terms are bounded analogously. 
In other words, we want to estimate: 

r& 

B''^^ := ^ M4(ni23,n4,n5,n6)(ww)(ni +^2 +n3)u(n4)w(n5)u(ne)rfi 

We now dyadically localize ni23, 71.4, 71,5, ng, i.e., we find Nj] j — 1, . . . , 4 such that: 

|ni23| Ni, \ni\ N2, InsI ~ ^3, Iml ^ N4. 

Let us define: 

rS 

BNl,N2,N:,,Ni ■= X! A^4("l23,"4,n5,"6)(www)^j(ni+n2+»^3)«Ar2("4)vAr3(ri5)wAr4(n6)dt 

ni+n2+n3+n4+n5+n6=0 

We now order the Nj to obtain: > N2 > > N^. As before, we know the following localization 
bound: 

(74) ^ >N 

In order to obtain a bound on the wanted term, we have to consider two cases. 

Case 1: A^i = N* or Ni = A^*- 
Case 2: Ni= or A^i = 
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Case 1: 

It suffices to consider the case when A^i = Ni , N2 = N2 , N3 — , N4 — . The other cases 
are analogous. We use and Parseval's identity to obtain that: 

ir(i) I < 

X! / Tirf:^^{Ni)0{N2)\ivvv)~Njni+n2+n3,Ti+T2+T3)\\vN2(^^^ 
„i+...+„6=o-^^i+-+^6=o W^iJ 

Since \{vvv)~Ni \ < \{vvv)~\, and since 6'(A^j*) 6{ni+n2 + n:i) < 6'(ni) + 6'(n2) + 0(n3), by symmetry, 
it follows that we just have to bound: 

Kni,N2,N3,N4. ■ = 

^ f ]\l ^ ^ ^ 

X! / jirf:^d{ni)\v{ni,Ti)\\v{n2,T2)\\^ ^ 

/ TTJ^ \{'Dv)'\ni,Ti)\\v{n2,T2)\ [ W (ng , T3 ) 1 1 (2?Z;)~Ar2 ("4 , T4 ) | [ (xw)~Ar3 (ng , T5 ) [ | Wat, (714 , T4 ) | dTj 

Let us define the functions Fj]j — i, . . . , 6 by: 

% := \{VvY\,F2^ % := |«|,?^ :- \{VvYn21% := Kx^F^sl,^ fel 
For M 1, we use an j,, Lf^, if^, Lf^ Holder inequality to deduce that: 



Kni ,N2,N3,Ni < TTTJT^ 1 1 ^1 1 1 ^ 1 1 -^"2 1 1 lm 1 1 F3 1 1 1 1 i^4 1 1 ^4+ 1 1 F5 1 1 ^4- 1 1 Fg 1 1 i J 



N 

By using (IT51) . p7)) . (|16p . and the fact that taking absolute values in the spacetime Fourier 
transform leaves the X'^'^ norm invariant, it follows that the previous expression is: 

N 

We use frequency localization and ([TSl) to deduce that this is: 

In the last inequality, we used Proposition 13. II 

Case 2: iVi = N; or Ni = N^. 
Let us assume that: 

N3>N2>Ni> Ni. 

The other cases are dealt with similarly. 

Arguing similarly as in Case 1, it follows that: 

ir(i) I < 

\"Ni,N2,N3,Ni\ ^ 

X! / jirf^\v{ni,Ti)\\v{n2,T2)\\v{n3,T3)\\{Vv)~N2{^^ 
„j+...+„,=o-^^i+-+^<i=o l^^iJ 
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We now use an Lf^^, Lf'^^, Lf'^^, Lf^, L*.^,L^ .^ Holder inequality and argue as earlier to see that this 
term is: 

< -|l"lltl,*+ll^^^2ll_^0+,l + ||(x2'w)iV3||^0+,l-|kAf4l|x0.0 



(76) ^lJ^\\^<o^J\v\\U^<j^E^^^^ 
From dZS]), dZni), and §7}, it follows that: 



(77) \BN,,N,,N,MA<7^f^E\^) 



N 

We now use ([77)) . sum in the Nj, and recall (TMl) to deduce that: 

(78) \B\ < j^E\<i>) 

The Lemma now follows from ([73| and ((78|) . 

□ 

3.4. Further remarks on the equation. 

Remark 3.6. The quantity /3o was chosen as in (j6'5p in order to get the same decay factor in the 
quantities A and B. We note that the quantity I3q only occurred in the bound for B, whereas in the 
bound for A, we only used the fact that the terms corresponding to the largest two frequencies in the 
multiplier (9{ni))^ — (^(712))^ + ((^(na))^ — (0(^4))^ appear with an opposite sign. As we will see, in 
the non-periodic setting, the quantity /3q will occur both in the bound for A and in the bound for B. 
For details, see and l\119\i . 



Remark 3.7. Let us observe that, when s is an integer, or when $ is smooth, essentially the same 
bound as in Theorem \1.1\ can be proved by using the techniques of [46^ . The approach is more 
complicated due to the presence of the convolution potential, but the proof for the cubic NLS can be 
shown to work for the Hartree equation too. The reason why one uses the fact that s is an integer 
is because one wants to use exact formulae for the (Fractional) Leibniz Rule for . By using an 
exact Leibniz Rule, one sees that certain terms which are difficult to estimate are in fact equal to 
zero. We omit the details here. 



Remark 3.8. The equation ([7]) on has non-trivial solutions which have all Sobolev norms uni- 
formly bounded in time. Similarly as on [40] , given a G C and n , the function: 

u{x,t) :=«e-*v(o)|a|^^g^((„,x)-|„|^t) 

is a solution to ([7|) on with initial data $ = ae*^"'^^. A similar construction was used in |10] to 
prove instability properties in Sobolev spaces of negative index. 

4. The Hartree equation on M? . 

4.1. Definition of the 2?-operator. Let us now consider ([T]) on K^. The proof of Theorem 11.21 
will be based on the adaptation of the previous techniques to the non-periodic setting. We start by 
defining an appropriate upside-down Foperator. 

Let iV > 1 be given. Similarly as in the periodic setting, we define : ^ M to be given by: 



(79) e{i) :-- 



■(^)%if|e|>2iV 
1, if 1^1 < N 
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We then extend 9 to all of M.'^ so that it is radial and smooth. Arguing similarly as in the ID setting 
[il] , it follows that, for aU ^ e \ {0}, one has: 

(80) \MiO\\<^-^ 

(81) \N'om\ < 1^ 

Then, if / : R2 ^ C, we define Vf by: 

(82) VfiO := OiOfiO- 
We also observe that: 

(83) IIP/IU. <s WIWh^ <sN^\\Vfh^. 

4.2. Local-in-time bounds. Let u denote the global solution of ([ij on M^. As in the periodic 
setting, our goal is to estimate ||2?M(i)||i2. 

We start by noting: 

Proposition 4.1. (Local-in-time bounds for the Hartree equation on ) There exist S — S{s, £'($), A/($)), C 
C(s, £'($), M($)) > 0, which are continuous in energy and mass, such that for all to G M, there 
exists a globally defined function u : x R — C such that: 

(84) «l[to,to+<5] = '"l[to,to+<5]- 

(85) <C(s, £;($), Af($)) 

(86) ll^«IUo,i+ < £;($), A/(<f))||Pw(to)||L^. 

Furthermore, we have: 
Lemma 4.2. If u satisfies: 



(87) I 

and if the sequence (w''"^) satisfies 



iut + Au — {V * \u\'^)u, 
u{x, 0) = ^(x). 



lU. 



(n) 



+ Au(") = {V* 



\M(")(x,0) = $„(a:). 
where S C°°(R^) anrf $„ -'^^ $, t/ien, one /las /or all t: 

u^^'^t) ^u{t). 



The proofs of Propositions 14.11 and 14.21 are analogous to the proofs of Propositions 13.11 and 13.21 
The main point is that all the auxiliary estimates still hold in the non-periodic setting. As before, 
we can assume WLOG that $ G 5(R^). We omit the details. 
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4.3. A higher modified energy and an iteration bound. As in the periodic setting, we will 
apply the method of higher modified energies. We will see that we can obtain better estimates in the 
non-periodic setting due to the fact that we can apply the improved Strichartz estimate (Proposition 
2.3p . and the angular improved Strichartz estimate (Proposition 12. 6p . 
We start by defining: 

E'iuit)) := \\Vuml.. 
As before, we obtain that for some c G M, one has: 



E\u{t) = ^c / {mi)f - m2)f + {e{^,)f - {e{U)f) 



dt 



(89) y(C3 + u)u{ii)u{i2)u{iMii)dij 

As in the previous works, we consider the higher modified energy: 

(90) E^{u) := E^{u) + Xi{Mi;u) 

The quantity M4 will be determined soon. 
For a fixed multiplier M4, we obtain: 

d , 

— XiiMiiu) = 

-zA4(M4(|6p-|6P + l6P-|6P);") 

-i [^4(623,^4,^5,^6)^^(6 +6) 

-M4(Ci, 634, 6, 6)v'(6 + 6) + M4(Ci, 6, 645, 6)^(6 + 6) 

(91) - M4(Ci, 6, 6, 656)^^(6 + C5)]?^(6)S(6)S(6)s(6)w(6)u(e6) 

As in the periodic setting, we can compute that for (Ci, C2, 6, 6) ^ ^4, one has: 

(92) iai'-i6p + iC3p-ie4p = 262-a4 

As before, we decompose: 

Here, the set Qnr of non-resonant frequencies is defined by: 

(93) flnr :={(a,6,6,e4) er4;ei2,ei4y^0,|cosZ(ei2,a4)| >/3o} 
and the set fir of resonant frequencies fir is defined to be its complement in r4. 

We now define the multiplier M4 by: 



(94) M4(ei,6,6,e4) 



,0, if (6,6,6,e4)ef^r 

Let us now define the multiplier Mg on Fg by: 



(95) M6(a, 6,6,^4,^5,^6) := Af4(a23, 6,6,6)^(6 +6)- M4(6, 634,6, 6)^(6 +6) + 
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+^4(^1, 6, 645, ^6)^(6 + U) - M4(ei, 6, 6, ^456)^^(^4 + ^s) 

We now use ([M]) and (I^TI) , and the construction of Af4 to deduce that 0: 

((^(ei))'-(^?(e2))'+(0(e3))'-(e(e4))')F(C3+^4)?J(6)"(e2)s(e3)«(e4)rfo+ 

Cl+«2+«3+C4=0, |cosZ(ei2 ,Cl4) I </3o 

^6(^1, 6, 6, ^4, ^5, ^6)w(6)S(6)"te)S(C4)ute)S(^6) 

(96) =:/ + // 

As before, we need to prove pointwise bounds on the multipher M4. Given (^1,^2,^3:^4) £ r4, 
we dyadicahy locahze the frequencies, i.e, we find dyadic integers Nj s.t. \ ~ Nj. We then order 
the iVj's to obtain: > > > N^. We again abuse notation by writing 0{N*) for 6'(iV*, 0). 
One then has: 

Lemma 4.3. With notation as above, the following bound holds: 

1 1 

The proof of Lemma 14.31 is analogous to the proof of Lemma 13.31 and it wih be omitted. 
In the non-periodic setting, we wih see that we can choose a larger /3q from which we can get a 
better bound. Let us choose: 

Here, we take a £ (0, 1). We determine a precisely later (see (|123l) '). For now, we notice: 

1 

I > - 

We observe that Lemma 14.31 and (|99p imply: 



(97) M^^o{-—-^e{N*)e{N;))- 



(99) /3o _ ^ 



(100) M4 = o{-^eiNi)eiN;)) 

The bound from (|100p allows us to deduce the equivalence of and E^. We have the following 
bound: 

Proposition 4.4. One has that: 

(101) E^{u)r^E^{u) 

Here, the constant is independent of N as long as N is sufficiently large. 

The proof of Proposition 14.41 is analogous to the proof of Proposition 13.41 We omit the details. 
Let (5 > 0,w be as in Proposition 23] For to e K, we are interested in estimating: 

E\u{to + 5)) - E\u{to)) = j'"^' jE\u{t))dt = ±E\v{t))dt 



The iteration bound that we will show is: 



^As in the periodic setting, we recall that {6»(^i))2 - {e(£,2)Y + (fCCa))^ - (d{ii))'^ = 0, whenever ^12 = or 
5i4 = 0, hence the corresponding terms again don't contribute to the quadrilinear term. Therefore, we don't have to 
worry about defining the quantity cos(0, ■). 
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Lemma 4.5. For all to G M, one has: 

\E\u{to + 5)) - E\u{to))\ < -^E^iuito)). 

N 4 

Arguing as in the case of ([T]) on , Theorem 11.21 wih foUow from Lemma 14.51 
We now prove Lemma l4.5l 

Proof. It suffices to consider the case when to — 0. As on T^, we compute that E^{u{S)) — E'^{u{0)) 
equals: 

«l+«2+43+«4+?5+C6=0 ^ 

(102) = / Idt+ Ildt =:A + B 

Jo Jo 

We now have to estimate A and B separately. 

4.3.1. Estimate of A ( Quadrilinear Terms). By symmetry, we can consider WLOG the contribution 
when: 

lai > l6U6U6Und|e2| > 1^41. 

Hence, we are considering the contribution in which one has: 

\^i\> N,\cosZiCi2,Cu)\<Po- 
We dyadically localize the frequencies: ~ Nj;j = 1,...,4. We order the Nj to obtain N* > 
N2 > > iV|. As in the periodic setting, we have: 

(103) Ni'^ > N 

We denote the corresponding contribution to A by An-^^^^^n^^jsi^. In other words: 

' f m^i))' - mi2)r + m3)r - i0{u))')vi^3 + $4) 

'0 "'5l+C2+C3+e4=0,|cosZ(Ci2,Cl4)|</3o 

WJVi {£.1)VN2 {^2)VN3 (6)^W4 iS.4:)d£,jdt 

As in the periodic setting, we have: 

^ N* 

(104) ((0(ei))2 - (0(6))' + (0(^3))' - ieiU)r)v{^3 + U) = o{-^e{N*)9{N;)) 



Using Parseval's identity in time, it follows that: 



J Tl+T2+T3+T4=0 ^^1 +?2 +53 +{4 =0 , | COsZ 12 ,^14 ) | <^0 ''^1 

(Xw)lvi (Cl : n ) I \'^N2 (6 ,r2)\\vN3 (6 , ) I |^JV4 (^4 , T"4 ) I d^j (ITj 



We now consider two subcases: 
Subcase 1: iV4 ~ iVi 
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We observe that: 



\Ani.N2.N3,nJ < ^ I I |(2?w)Ari(^i,Ti)|[(xr'w) Ar2(6,•r2)I|(Vu)^r3(C3,T3)||^;ArJC4,T4)|c^CiC^'^J 

^^l "'ri+r2+r3+T4=0 J6+C2+C3+?4=0 

Let us define ; j — 1, . . . , 4 by: 

(105) ¥i := \{VvyNA,F2 := \{xDvTn,1% ■= |(Vi;)lv3 1, := \vn,\ 
Consequently, by Parseval's identity: 

We use an Lj'^, L*^, Lf ^, Lf ^ Holder inequality, and argue as earlier to deduce that, in this 
subcase: 

\AnuN2,N:,,nA ^ ■^\\{'^v)NA\xO+.i+\\(x'^^)N2\\^o.i-\\{'^v)Ns\\^o.i+\\vNj\^o,i + 

(106) < (^ll^'HI^,..!!-!!^. ^ Wf'^'^*) 



In the last step, we used Proposition [JT] 
Subcase 2: iVi > 

In this subcase, wc need to consider two sub-subcases. Let 7 S (0, 1) be fixed. We will determine 
7 later, (in equation (|12ip ) 

Sub-subcase 1: N3 < 

Let the functions Fj;j — 1, ... ,4 be defined as in (jlOSp . We use an L^ .^,L^ .^ Holder inequality, 
and we argue as before to deduce that: 

\AnuN2.N3,nJ < j;^\\FiF3\\liJ\F2F4\\l2^^ 
We use Proposition 12. 31 and Proposition 12 . 51 to deduce that this expression is: 
1 „„ „ „_ „ , , N7 



< —{^\\'^VN^\\^o.l+\\^VNJ ol + ){^^\\VvN2\\^o.l+hNA\^o.l + ) 



Sub-subcase 2: N3 > 

In this sub-subcase, we have to work a little bit harder. The crucial estimate will be Proposition 
12.61 We suppose that (^1,^2,^31^4) is a frequency configuration occurring in the integral defining 
A-Ni,N2,N3,N4- We argue as in [35]. We note the elementary trigonometry fact that in this frequency 
regime, one has: Z(^i,fi4) = O(^) , Z(^3, ^34) — O(^). Furthermore, one can use Lipschitz 
properties of the cosine function to deduce that: 

(108) |cosZ(ei,C3)| </3o + ^ 

We now define: 
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'3 



We now use an L^^jL^^ Holder inequality, and recall (|105p to deduce that one now has: 

\An,,n,,n,.n,\ < -^\\F\\liJ\F2F4lI^ 



which by using Proposition [22] and Proposition 12.51 is: 



<^(/3o + ^)*ll^^l||^ol.l|J^3||^o,l+(^||I^t'A^J|^o,l+ll«7vJ|^o,l.) 



"2 



(TV*: 

WVN^ II ^0.1+ W^VN^ II ^o,i+ llwATg II ^1.1+ \\VN^ II ^1,1 + 



1 

(109) < ( + 

We combine p^ . p^ . and ([TUg| to deduce that: 

We then sum in the Nj, use (|103p . and Proposition 14.41 to deduce that: 



(110) |A..,...3,.J < + (^^p^ + 



(111) l^l<(^+ + )E^i^) 

4.3.2. Estimate of B (Sextilinear Terms). Let us consider just the first term in B coming from the 
summand M4(^i23, ^4, ^5, ^e) in ths definition of Mg. The other terms are bounded analogously. In 
other words, we want to estimate: 

B^'^ :- f I M4(ei23,e4,C5,f6)(^^(a +6 + 6)«(e4)«(C5)«(e6)rfe,di 

The bounds that we will prove for B^^^ will also hold for _B, with different constants. 
We now dyadically localize C123, ■^4, 'Cs, fe, i-e., we find N.j\j = 1, ... ,4 such that: 

16231 iVi, 1^41 ^ N2, 161 - N3, 161 - N^. 

Let us define: 

BnI N2 N3 Ni'= / M4(623, 6, 6, 6)(WWW) ATi (6+6+6)'^Ar2 (6)wjV3 (6)^W4 i£.6)d^jdt 

Jo "'Cl+C2+C3+C4+C5+C6=0 

We now order the A'^ to obtain: > N2 > > iV|. As before, we know the following localization 
bound: 

(112) N* ^ n;>n 

In order to obtain a bound on the wanted term, we have to consider two cases. 
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Case 1: iVi = or Ni = N^. 
Case 2: Ni= N; or Ni = 

Case 1: As in the periodic case, we consider the case when: 

Ni = N*,N2 = n;,N3 = n;,N4 = n*. 

The other cases are analogous. 

We use Parseval's identity together with the Fractional Leibniz Rule for D, and argue as in the 
periodic case to deduce that it suffices to bound the quantity: 

Kni,N2,N3,N4. ■ — 

I a /It*\2 I (^^n^l , n ) 1 1 5 (^2 , T2 ) 1 1 W (6 , T3 ) 1 1 (Pwrw^ (^4 , T4 ) 1 1 {xvVn^ (^5 , T5 ) | |?Ar^ (^4 , T4) | d£_j dTj 

We must consider several subcases: 
Subcase 1: iVi > A^s 

Let us define the functions Fj;j — 1, . . . , 6 by: 

(113) Fi := \{Vvn'F2^ % := \v\,F\ := | (23z;)lv, | , := Kx^Fwal,?^ := fel 

Wc first use an ^, Lf^, L*^, ^, Holder inequality to deduce that: 



KNi,N2,N3,Ni < a^tAT*\2 11-^4-^5 11^2 ^||f2||Lf^ll-p3||Lf^ 11^1 IIl^^ 11^6 



1 

By Proposition 12. 5[ ([T5|) . (|26p . (IT7)) adapted to the non-periodic setting, by the fact that taking 
absolute values in the spacetime Fourier transform, and since A'^i ^ N2, it follows that this expression 
is: 



1 

- ^„(Ar*)2 (^ll^^llx«4+ll^^3lUoi+)IIHI^iiJIHI^i4J|P^ll^o4JkjvJ|^^^ 
We use localization in frequency to deduce that this is: 



which by Proposition 14. II is: 



(114) < ^-^E\^) 

Subcase 2: N3 - Ni 

We use an Lf ^, Lf^^, Lf^^, Lf_^, ^, Holder inequality, and we argue as in the periodic case 
to deduce that: 

KNuN2,N3,m ^ /3o(jV*)2 11^^11^04+ lkll^i,l+lkll^i,l+l|P^llj^o,l+IIX«A'3ll^o.l-||^'A'4 11^0+.! + 



Case 2: Ni= N* or A^i = N*. 
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We assume as in the periodic case that A^i = N^. Let's also suppose that — A^j*, A^2 — ^2- 
The other contributions are bounded analogously. Arguing as in the periodic case, we have to 
bound: 



I (Cl : n ) 1 1 'S (6 , T2 ) 1 1 W (6 , T-3 ) 1 1 ixT^V )~7V2 (^4 , 7-4) 1 1 (2?w)~7V3 (Cs , T-5 ) I |^W4 (^6 , Te ) | d^j dTj 

We consider two subcases: 
Subcase 1: iY^* » 

We know that: N2 > A'4 

Let us estimate Ln^^n^^jsi^^n^. We define Fj,j 1, . . . ,4 by: 

F\ := \v\,F2 | (x^^t^FiV, I , := liVvrN,],^^ := \vnA 
We use an Lf^,Lf^,Lf^,^+,L^^ Holder inequality, (HH) adapted to the non-periodic setting, 
Proposition I2.5[ and (|28)) to deduce that: 

1 



1 A^^ 

(116) ^^^(^''^^''^^i^'Hii.i.^^;^ 



For the last inequality, we used Proposition |43] 
Subcase 2: - iVj* 

We argue similarly as in Subcase 2 of Case 1 to deduce that: 

(117) Ln,.N2,n,.n, < ^^^^,^3 -E^($) 
We use mil), (fTTS)) . (fTT6)) . and (ITT7| to deduce that: 

(118) K...3,.J ^ ^^^^(^) 

We sum in TV,. Using (fm]) and ([TT8)) . it follows that: 

By Proposition 14.41 ^nd by construction of i?*^^-', we deduce that: 

(119) \B\ < -^E\<f) 
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4.4. Choice of the optimal parameters. By (|102p . (Illip . and (|119p . it follows that: 



(120) \E'{u{S)) - E\u{0))\ < + ^^37Tr + 771313 + TT7¥r)^'(1') 



/3o 1 1 1 
Jiii \ 1 j 

We now choose 7 s.t. | + o — ^ — ^. Hence, we choose: 



(121) 7 ^ 



2 



One then has that: 



(122) l + S = 2-? = 7 
^ ^ 2 2 2 4 

Let us now choose (3q. We recall that by ((98|). one has: /3o ~ -^jCt £ (0, 1). 

1 

In order to have g < — ^ — , wc should take: a > 4;. 
In order to have — < — \ — , we should take: a < |. 
Consequently, we take: 

(123) "^[^1 
From the preceding, we may conclude that: 

(124) \E\u{6)) - E\u{m < -^E\um 
Lemma [4.51 now follows. 

□ 

4.5. Further remarks on the equation. 

Remark 4.6. Let us observe that Theorem l 1 . Sl would follow immediately if we knew that the equation 
(f7|) on scattered in . To the best of our knowledge, this result isn't available, and it can't be 
deduced from currently known techniques used to prove scattering. Some scattering results for the 
Hartree equation were previously studied in [301 EB El] ■ In [SOI EI] ; the asymptotic completeness 
step was proved by using techniques from [38], which work in dimensions n > 3. In [32], the one 
and two-dimensional equations are studied. In this case, scattering results are deduced for a subset 
of solutions with initial data which belongs to a Gevrey class. 

Further scattering results for the Hartree equation are noted in [27[ I34j . In these papers, one 
assumes that the initial data lies in an appropriate weighted Sobolev space. The implied bounds 
depend on the corresponding weighted Sobolev norms of the initial data. Hence, uniform bounds 
on appropriate Sobolev norms of solutions whose initial data doesn't lie in the weighted Sobolev 
spaces can't be deduced by density. Finally, the techniques used to prove [37] and similar results are 
restricted to dimensions n > 5. 

5. Appendix: Proof of Proposition 13.11 

Proof. The proof is based on a fixed-point argument. Let us WLOG look at to = 0. With notation 
as in 00], we consider: 

(125) Lw:=xs{t)S(t)^-ixs[t) i S{t ~ t'){V * \ws\^)ws{t')dt' 
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Let c > be the constani0 such that ||x55(t)$||xs,i' < C(5 ^ a^"" l|<i>l|_ffa . Such a constant exists by 
using arguments from [35l |40] . We then define: 

B := {w- \\w\\xi.. < 2cS^\mHU Mx^^^ < 2cS^\mH^} 
Arguing as in ^40j, B is complete w.r.t || • H^i.''- For w & B, we obtain: 

(126) \\Lw\\x^.. < cd^\mH^+ciS^UV*\ws\'')ws\\xs..~i 
Similarly, we obtain: 

(127) \\VLw\\xo.^ < cS^ \\V^\\l- + ci6^ \\V{{V * \ws\^)ws)\\xo.^^^ 

We now estimate \\{V * \ws\'^)ws\\x^,''-^ by duality. Namely, suppose that we are given c = c(n,T) 
such that: 

I dr|c(n,r)p = l. 

n •' 

We want to estimate: 

\m{n2,T2)\\m{nz,Tz)\\V{ni + n2)\dTj 
Since V G L°°{1?), this expression is: 

^ E / (i+kf-dii)i^^ (^+'"^')^'^^(--^'-^)' 

„,_„,+„3_„,=0-^^i-^2+r3-r4=0 U + in \n4\ \) 

\wsin2,T2)\\ws{n3,T3)\dT.j 

Let us write: 

oo 

Z^^ \jDk;Dk^{neZ^;\n\^2''} 

k=Q 

Let IkiMM denote the contribution to / with rij G Dk , for j — 1,2,3. Let us consider WLOG the 
case when: 

(128) fci > fcs > ^3- 

The contributions from other cases are bounded analogously. 

Following [B], we write: 

a 

Here, Qa are balls of radius 2^^^ . We can choose this cover so that each element of Dk^ lies in a 
fixed finite number of Qa- This number is independent of ki and /c2- 

■^This time localization estimate, and all the other similar estimates that we had to use in |40' carry over to the 
torus. 
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If ni G Qa, then since n4 — rii ~ n2 + n^, \n2\, {n^l < 2^^^ , it follows that 714 lies in Q^, a dilate 
of Qa- Thus, the term that we want to estimate is: 

"iSQo, ,"2£-Dfc ,ns,^Dk .TLi^Qa ,ni — n2+n3 — ri4=0 



|c(n4,T4 

(1 + |r4 - 1^4 

We now define: 



W5 (ni , Ti ) 1 1 (n2 , T2 ) 1 1 (ns , T3 ) | ^ \^ \2\\i~b ^'^J 



(129) E 

neQc 

(130) G„(a;,t):=E J dT\min,T)\e''-<"-'' 



t) 



neQa. 

(131) Hj{x,t):= E /"dr|5}5(n,r)|e*(<"'^>+^ 
By Parseval's identity and Holder's inequality, we deduce: 

< 2^=^^ E ll^"llitJI^"ll^tJ1^2LlJ|i?3llLt.. 
a 

Now, from Lemma |2.2[ with 5i, hi as in the assumptions of the Lemma, we have: 
\\H2\\lI^<2'^^^^{ E dr(l + |r-|nn)2''i|5^(n,r)p)^ 

<2*'-^^i||(u.5)2.2||xo.''i 

Here {ws)m is defined by: ((105)1/)^ = wsXDmj we note that localization in t and in n 
commute. This is a slight abuse of notation, but we interpret wg as a localization in time if i5 > 
is small, and we interpret wat as a localization in frequency if is a dyadic integer. 

By interpolation, it follows that: 

||(w5)2fc2 llxO'''! ^ II(W5)2'=2 |lx".o|l(^5)2'=2 ll^^o^i, 

Here: 

(132) e-.^i-^ 



By construction of -05, we obtain: 

||(W5)2'=2 llxo.o = \\{ws)2''2\\lI^ = \\{'Ws)2''2iPs\\lI^ 

We now use Holder's inequality and pip to see that this expression is: 



^ \\iws)2''2 hlLllHshl ^ Si \\{ws)2''2 11^0,1+ < '5'' 11(^.5)2^-2 Wxo."- 
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Consequently: 



(133) <2^^'^6i+'-^\\w2>>^\\xo,^ 

In the last inequality, we used appropriate time-localization in X^'^ . 
Analogously: 

(134) I1^3||l4^ < 2^'''6i+"-^ \\w^., Ilxo.o 

Given an index a, we define {'ws)a, and Wa to be the restriction to n G Qa of ws and w 
respectively. We note that this is a different localization than the ones we used before. Since each 
Qa has radius 2^^, Lemma implies that: 

\\Ga\\LU<2^^^^{Y, dr{l + \T-\n\^\f'^\ws{n^Tr)'^ 

neQc 

<2''-''\\{wsU\xoM 
Arguing as in (|133p . (|134p . we obtain: 

(135) \\Go.\\Ll^<2'^^'^^6i+'^\Mxo.. 

Furthermore, each Qa is of radius ^ 2*^^. Let Ca be the restriction of c to n G Qa- Let us also 
choose bi such that: 

(136) 6i < 1 - 5. 
From Lemma 12.21 and the previous definitions, we obtain: 

\\Fc.\\lI^ ^ ^''''\\Fo.\\x".H < 2^-^^MlJ^c. 11x0,1-0 

(137) <2^-=^H|c„|U2_. 
From (fT33l) . (fm)) . (fTSS]) . (fT37|) . it follows that: 

-/fel,fc..fe3 <E'5 '^^^^2'=''8''''2'='''ll^2'=^ 11^"'^ ll^^2'=3 11x0,0 IkalUo.^l^ 
a 

We apply the Cauchy-Schwarz inequality in a to deduce that the previous expression is0: 

< + ^^2'^-i^8'=^^i2^^^MI«^2'=i 11X0,0 ||u;2.. 11x0,0 ||l«2'«3 11x0,0 ||C2.1 lU^^^ 

We write S''""^ = (8fc2Si )0- ^gfes^i 2'=3'*i = (^2'''"'^f-{2''^'^y+, and we sum a geometric series 
in ^2, ^3 to deduce that: 



Strictly speaking, we are making the annulus \n\ ~ 2*=! a little bit larger, but we write the localization in the 
same way as before. 
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kj satisfying \ 



fcl 

Using the Cauchy-Schwarz inequality in ki, this expression is: 

< S^+^^^\\w\\x^.»\\4li \\w\\x3si+.b\\w\\xsi+.i. 



(138) <S'^ + '^\\w\\^.,\\w\\ls.,,, 

Let us take si — i — . Then, the assumptions of Lemma [2.21 will be satisfied if we take bi ~ 
^ ^ J ^ + = ^ + . Since b — (|136p is then satisfied. By our construction in (|132p . one has: 
6* = 1 - |i > i. Hence, po := f + 3(1 - 26) > 0. 

Thus, by ()126p . and by definition of B it follows that for w £ B: 



Similarly, for v,w £ B, one has: 

IlLz; - Lw\\x^.. < ci<5^+2(i-2'')(||«||^,,. + Mx^.^nv - w\\x^.. 



<c,S'^+''^'-''M\nm\\v-w\\x^^. 
We now argue as in [3D] to obtain a fixed point v £ B. We then take P's of both sides and use 

(|127p . Now, we have to estimate: 

m{V*\vsf)vs)\\xo.^-i. 
Arguing as before, it follows that this expression is: 

<SP"\\Vv\\xo.4v\\U^ 

Namely, in the analogue of JkiMM^ '^^^ replace the 2*''^* by 02''i ? which is equal to if 
2^=1 > N, and 1 otherwise. One then argues as in [40|, and (|47| . (|48|) immediately follow. 

We now check uniqueness, i.e. (pS)) . Namely, we suppose that: 

{iut + Au^{V* |-itp)M, x£T'^,t£R 
ivt +Av = {V* \v\^)v, x£T^,t£R 
u\t=o^v\t=oeH'iT^),s>l. 

We are assuming that u is a well-posed solution to ([l} on T^, and hence ||u(t) satisfies exponential 

bounds, as was noted in the Introduction. Furthermore, since v £ + , by Sobolev embedding in 
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time, it follows that v e L'^H^. Consequently, there exist A, i? > such that, for all t e M, one 
has: 

(140) \\u{t)\\H^,\\v{t)\\H^<Ae^\'\ 
We observe: 

u{t) - v{t) = -I f Sit - t'){{V * \uf)u - {V * \v\^)v)it')dt' 
Jo 

We take norms in x and use Minkowski's inequality to deduce: 

(141) \\u{t) - vit)\\L2 < f \\{V* \u\'')u - {V * \vf)v\\L2dt' 

Jo 

In order to bound the integral, we need the two following bounds, which follow from Holder's 
inequality. Young's inequality, and Sobolev embedding 0. 

\\{V*{u^U2))u^\\li < \\V * {u^U2)\\L^\\mh2 < \\Vhi\\u,U^\\u2\\L^\\u,\\L. 



(142) <\\ui\\Hi\\u2\\H^\\usUl 

Also: 

{uiU2))u3\\l2 < \\V * {uiU2)\\li\\u3\\l^ < \\V\\li\\uiU2\\li\\u3\\l^ 

(143) < \\Vhl\\Uihl\\u2\\L^\\u3U^ < MLlMHiMHi 

Substituting (fTi^ and ^15)1 into ([TiT]) . and using (jl40[ it follows that: 

Mt) - vimLl < f\\\u\\H^ + MH^fWu - vhidt' < f e'^^'Wu - vUidt' 
Jo Jo 

By Gronwall's inequality, it follows that on [0, t], one has ||u — f ||l2 = 0, hence u = v. The same 
argument works for negative times. (|46p now follows. 

Arguing as in "^IT, we note that all the implied constants depend on s, energy, and mass, and 
that they are continuous in energy and mass. 

This proves Proposition 13. II □ 
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